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Problem statement

Motivation: Energy analysis of buildings

• Official codes for energy analysis of buildings fail to accurately model the
air-wall heat exchange.

• Specifically addressed numerical models obtain a large error decrease
(1/3).

• There is a need for fast solvers to couple with these codes.
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 472	
Figure 7. Results from proposed model for Day 1 (August 2nd, 2018). a). Monitored and simulated 473	

temperature. b) Sections of simulated air temperature in the courtyard. 474	

Results from the simulation on October 6th, 2017 are presented in Figure 8. The initial 475	
conditions for this simulation are the surface temperature 21.2ºC, the temperature inside the 476	
courtyard 21ºC, and inner temperature 22.4ºC. The values for radiation for this time of the year 477	
are much lower than in summer (see Appendix B). The values of wind direction and speed are 478	
shown in Table A. 2 in the appendix, presenting higher speeds and more direction variability 479	
than on August 2nd, 2018. The maximum monitored outdoor temperature this day is 36.8ºC at 480	
17:00 hours.  481	

 482	
The simulated and measured temperatures are represented in Figure 8.a. It can be seen that 483	

there is good accordance with measured temperatures at the beginning of the day, but the 484	
simulated tendency starts to decrease earlier than measured temperatures, resulting in a worse 485	
accuracy in the afternoon. There is better accuracy at the highest levels, as in the previous 486	
simulation.  487	

 488	
The faster cooling down of the temperature of the simulation model could be a result of the 489	

simplified geometry. Note that the walls of the model courtyard are all of the same height, while 490	
one of the walls of the real courtyard is higher than the others. Then the vortex generated by the 491	
wind at the upper part of the real courtyard is smaller than the vortex computed for the model 492	
courtyard. Moreover, wind speeds of October 6th, 2017 are larger than those of August 2nd, 2018. 493	
Then, the difference of the sizes between both vortices is larger for the simulation of October 6th, 494	
2017. This may explain why the computed temperatures are smaller than the measured ones, and 495	
why the difference between the computed and measured temperatures corresponding to October 496	
6th, 2017 is larger than the difference corresponding to August 2nd, 2018. 497	

 498	
In Figure 8.b and Figure 8.b the evolution of the temperature in the courtyard is represented. 499	

East-West and South-North vertical sections in the middle of the courtyard at different hours are 500	
represented. The stratification effect is also noticeable, the lower cold air and upper warm air 501	
zones are clearly separated. This produces a considerable temperature reduction in the lowest 502	
part of the courtyard. 503	

 504	
In this case, the radiation levels are similar for all walls. Consequently, the warm air is 505	

expanded uniformly along the upper part, although it can be observed that the north wall is 506	
warmer than the rest of the walls because the radiation is higher in that zone during the day. 507	

 508	

Figure: Numerical modelling of thermal behaviour of courtyard.



Problem statement

Smagorinsky turbulence model

We are interested in the (very) fast solution of the parametric Smagorinsky
turbulence model:

∂tu−∇ · ((ν + νS(u))∇u) + (u · ∇)u +∇p = f in QT ,

∇ · u = 0 in QT ,

+ initial and boundary conditions,

(1)

where νs(u) =
∑
K∈Th

(CShK )2|∇u|K |XK
is the eddy diffusion.

• Oriented to thermal confort in architectural design.

Physical parameters: Reynolds number, Rayleigh number (buoyant
flows, thermal flows).

Geometrical parameters: Dimensions of building spaces.



Reduced Basis problem

Reduced Basis problem - steady case

• The Reduced Basis problem is defined by Galerkin projection as{
Find UN(µ) = (uN(µ), pN(µ)) ∈ XN such that

S(UN(µ),VN ;µ) = F (VN ;µ) ∀VN ∈ XN

(2)

where S is the Smagorinsky operator,

XN = Span{ξ1, · · · , ξ2N−1} × Span{ψ1, · · · , ψN} : Reduced space

The solution UN(µ) can be expressed as

uN(µ) =
2N−1∑
k=0

uk(µ)ξk , pN(µ) =
N−1∑
k=0

pk(µ)ψk

• The discrete problem is constructed from parameter-independent
matrices and tensors constructed off-line.

• The pair (velocity, pressure) spaces satisfies the inf-sup condition.

• Another possibility is pressure stabilization.



Reduced Basis problem

Greedy Algorithm

• The reduced space is constructed by a Greedy Algorithm:
1 Initialization

Choose a (rich enough) discrete set of parameters Dtrain.
Randomly choose µ1 ∈ Dtrain and set X1 = UN(µ1).

2 Enrichment. Known XN−1, Compute

µN=argmaxµ∈Dtrain
‖uN(µ)−utrust(µ)‖X

and set
XN = Span{XN−1,uN(µN)}.

For evolution problems a further reduction of the discrete space by
POD is needed.

The Greedy Algorithm is oriented to minimize the distance in
L∞(D,X ) between the reduced and the trust solutions.



A posteriori error estimation

A posteriori error estimation: general framework

• In practice the error ‖uN(µ)− utrust(µ)‖X should be approximated by
an posteriori error bound, ∆N(µ).

• The Brezzi-Rappaz-Raviart Theory for approximation of regular branches
of non-linear variational problems is used.

• The tangent operator must be an isomorphism at each parameter of the
branch.

• The a posteriori estimation holds if the tangent operator is locally
Lipschitz-continuous.



A posteriori error estimation

A posteriori error estimation: Smagorinsky model

• The Smagorinsky operator is smoother than the Navier-Stokes one, due
to the eddy viscosity term.

• The following estimates for Euler + stable Finite Element discretisation
hold: For all Uh = (uh, ph), Vh = (vh, qh) ∈ Xh,

‖∂S(Uh,µ)− ∂S(Vh,µ)‖L(X ,X ′) ≤ ρT (µ) ‖Uh − Vh‖αX ,

where
X = L2(0,T ;H1

0 (Ω)3)× L2
0(0,T ; Ω)

endowed with the Hilbertian norm

‖(u, p)‖X =
(
‖∂tu‖2

L2(L2) + ‖u‖2
L2(H1) + ‖p‖2

L2(L2)

)1/2
;

α =

{
2/3 for the evolution problem,

1 for the steady problem.



A posteriori error estimation

A posteriori error estimation: Smagorinsky model

In the evolution problem, this holds thanks to the enhanced estimates

Theorem

Assume that ∆t ≤ C h5/3. Then the solution (uh, ph) of the (P2 − P1)-
Finite Element + semi-implicit time Euler discretization of the
Smagorinsky model satisfies

‖∂tuh‖L2(L2) + ‖∇u‖L∞(L3) + ‖ph‖L2(L2) ≤ C (ν, hmin, ‖f ‖L2(L2))

• The condition ∆t ≤ C h5/3 is not very restrictive as in practice the grid
size h is determined in such a way that a part of the inertial spectrum is
resolved.



A posteriori error estimation

A posteriori error estimation: Smagorinsky model

• This allows to construct an error estimator

∆N(µ) = ∆N(µ)(ρT (µ), ε(µ), β(µ))

in terms of

The constant ρT (µ) appearing in the Lipschitz or Hölder estimate for
the tangent operator.

The dual norm ε(µ) of the residual R(UN) = A(UN ,µ)− F .

The coercivity constant β(µ) of the tangent operator.

The estimator ∆N(µ) (solution of an algebraic equation) can be
computed whenever ε(µ) is small enough.



Application: Thermal analysis of peristyles

Thermal comfort optimisation of peristyles

• Purpose: To optimise the geometrical design peristyles to reach the best
thermal comfort in hot climates.

• Model: Steady Smagorinsky + Heat conservation equations, forced
convection.

• The equations are transformed by a change of variables from a reference
domain. This makes explicit the dependence of the operator with respect
to the parameters.
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Figure: Left: Geometrical setting for targeted cloister. Right: Reference domain.



Application: Thermal analysis of peristyles

Construction of Reduced Space history

• Error estimator in terms of number of basis functions.
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Figure: Left: Error estimator for velocity. Right: Error estimator for temperature.

• The eddy viscosity is approximated by an Empirical Interpolation
technique.



Application: Thermal analysis of peristyles

Trust vs reduced solution.

• Re = 3.100. Ttop = 24oC , Tbottom = 22oC . Adiabatic conditions on
solid walls.

Figure: Comparison of reduced-trust velocity (left) and temperature (right).



Application: Thermal analysis of peristyles

Numerical performance of Reduced Basis method

• Errors and computational speeds-up for three cases not included in the
training set Dtrain.

Case 1: ω = 2.891, σ = 2.734

Case 2: ω = 2.649, σ = 2.65

Case 3: ω = 2.469, σ = 2.923

Data Case 1 Case 2 Case 3

‖Uh − UN‖T 5.93 · 10−6 3.73 · 10−6 7.28 · 10−6

∆N 1.21 · 10−4 1.07 · 10−4 1.89 · 10−4

‖θh − θN‖L2 1.56 · 10−5 5.49 · 10−5 4.62 · 10−5

∆θ,N 3.61 · 10−5 1.49 · 10−4 1.11 · 10−4

speedup 133 152 141



Application: Thermal analysis of peristyles

Thermal comfort optimization

• Purpose: To optimize the peristilyum geometry to get a temperature at
bottom part as close as possible to the comfort temperature (Tc = 24oC ):

• Problem: Set D = [2, 4]× [2.5, 3] (lengths in meters). Obtain

argmin
(ω,σ)∈D

J(ω, σ), with J(ω, σ) =
‖T (ω, σ)− Tc‖L2(ΩBottom)√

|ΩBottom|
.
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Figure: Thermal comfort functional J.

• The minimum is at ω = ωmax , σ = σmin (maximum width and minimum
height of corridor).



Conclusions

Concluding remarks and future work

The regularity of Smagorinsky operator allows to construct a
posteriori-error estimators for RB models.

Need of increasing the efficiency of estimators. In progress an
estimator based upon the Kolmogorov theory of equilibrium
turbulence.
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Figure: Comparison between error and estimate based upon Kolmogorov
turbulence theory.

Mixed data-driven/physics-based turbulence models in view. Modelling of
effect of sub-grid scales by data-driven ROM techniques.
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